Abstract. This work presents a comparison study of different numerical methods to solve Black-Scholes-type partial differential equations (PDE) in the convectiondominated case, i.e. for European options, if the ratio of the risk-free interest rate and the squared volatility -known in fluid dynamics as Péclet number -is high. For Asian options, additional similar problems arise when the 'spatial' variable, the stock price, is close to zero. Here we focus on three methods: the exponentially fitted scheme, a modification of Wang's finite volume method specially designed for the Black-Scholes equation, and the Kurganov-Tadmor scheme for a general convection-diffusion equation, that is applied for the first time to option pricing problems. Special emphasis is put in the Kurganov-Tadmor because its flexibility allows the simulation of a great variety of types of options and it exhibits quadratic convergence. For the reduction technique proposed by Wilmott, a put-call parity is presented based on the similarity reduction and the put-call parity expression for Asian options. Finally, we present experiments and comparisons with different (non)linear Black-Scholes PDEs.
Introduction
An option is an instrument in which two parties agree to the possibility to exchange an asset, the underlying, at a predefined price and maturity. The payoff represents the profit-loss profile defined by the option for a given range of prices. There exist a great variety of options ranging from European options, to American, Asian, Barrier options, Binary options, etc., and many of these derivatives are valuated with the classical pricing formulae developed by Black, Scholes and Merton. The type of the option refers in many cases to the type of payoff profile of the option but for the European and American option, the type refers to its maturity: the maturity of a European option is fixed whereas the American option can be exercised at any time before the maturity, e.g. there exist Asian options of European and American type.
The partial differential equation (PDE) proposed by Black, Scholes and Merton is known as the Black-Scholes equation and is a special case of a more general convectiondiffusion equation that also arises in other areas like fluid dynamics. Due to its convective term, the solution is a traveling wave transporting the initial data and due to the diffusive term the data is dissipated: a dissipating traveling wave. If the diffusion coefficient is small compared to to the transport coefficient then the solution behaves mainly like a traveling wave and the equation is said to be convection-dominated. For purely first order hyperbolic PDEs, it is known [5] that standard methods fail to obtain an acceptable approximation when discontinuities are present in the initial data and a similar issue is observed in the convection-diffusion equation in the convectiondominated case and discontinuous initial data. Some schemes like the Lax-Friedrichs or the upwind method were proposed to obtain satisfactory approximations for hyperbolic PDEs, but artificial diffusion is introduced by the method which leads to smeared solutions. In terms of the Black-Scholes equation, this behavior appears if the squared volatility is small in comparison with the risk-free rate.
When solving numerically the Black-Scholes PDE it is useful to reverse transform the time variable to use the payoff function (terminal condition) as the initial condition (IC) of the system. Albeit the payoff of an European option is non-smooth and the numerical solution for the price is acceptable, artificial oscillations appear near the strike price when the first numerical derivative with respect to the underlying price of this approximation is obtained. These oscillations are worst when higher derivatives are calculated. Having access to the first derivative of the option price is important to measure the sensitivity of the option to movements on the price of the underlying or other parameters like volatility. Higher derivatives of the option price also provide important information about the behavior of the option. These quantities are known in the financial literature as the Greeks. Due to the Greeks being relevant for the quantitative analysts, reliable numerical methods are required for the pricing of options which not only provide a good approximation for the price, but also for its derivatives.
In this paper finite difference methods (FDMs) for the Black-Scholes equation with a wide range of parameters, including the critical convection-dominated case are considered. Conservative methods, a special family of FDMs and also denoted as finite volume methods (FVMs), are presented as the method of choice to solve convectiondominated problems. Two conservative methods are studied: the Kurganov-Tadmor scheme [9] , a high resolution method for a general convection-diffusion equation which exhibits quadratic convergence and introduces small artificial viscosity in comparison to other methods, e.g. the Lax-Friedrichs scheme, and the Wang scheme [13] for an European option in which the flux of the Black-Scholes equation in conservative form is solved analytically and exhibits linear convergence. We also consider the exponentially fitted scheme proposed by Il'in [7] (see also [11] ) and then presented in the context of finance by Duffy [2] . According to the authors' knowledge, this is the first time the Kurganov-Tadmor scheme is applied to option pricing problems.
Options and Pricing Equations

Option Pricing
An option is a financial instrument in which two parties agree to exchange an asset at a predefined price or strike K and date or maturity T. By paying an up-front quantity -known as the price or premium of the option -the holder of the contract has the right, but not the obligation, to buy/sell the asset at maturity. The underlying asset on the contract is typically a stock or a commodity but the possibilities are immense; for instance, it is possible to create an option with a future or a swap as the underlying -the latter is called swaption in the financial literature. An option in which the holder has the right to buy the underlying is a call option whereas if the contract gives the holder the right to sell the underlying then it is denominated as a put option.
The value of a call option from the perspective of the holder at maturity time is shown in Figure 1a . The price of the option is denoted as P and the strike price as K. The x-axis represents the price of the underlying asset whereas the red line represents the value of the option. If the price of the underlying is less than the strike price, the option is worthless for the holder because it is possible to buy the underlying at a lower price. When the price of the underlying is greater than K + P then the value of the option increases and the holder of the option profits from the difference s T − P − K where s T is the price of the underlying at maturity. In Figure 1b the payoff of a put option is shown and in this case the holder profits from the difference K − s T − P. Both payoffs in Figure 1 are referred as long positions on an option. In financial terminology, going long on a financial instrument is used as a synonym of buying it and therefore benefiting when the price increases. In contrast to the long positions, short positions on a financial instrument is synonym of selling it. The payoff for a short position on an option is shown in Figure 2 .
What we have described up to now as an option is known in the financial literature as European option. Another important type of option is known as American option which can be exercised at any time before the maturity, but the payoff is the same as in the case for the European type. A third type are the Asian options that define a payoff dependending on the temporal average of the price of the underlying. For the same maturity, strike price and underlying, a relation between the price of a call and a put option under a frictionless market can be defined. This relationship is known as the put-call parity and arises from the fact that with combinations of long/short calls and long/short puts it is possible to create synthetic instruments with the same payoff as the real ones. For instance, by combining a long call and a short put on a stock, it is possible to create an instrument with the same payoff as the underlying, i.e. a synthetic stock; it is also possible to create a synthetic long call by creating a portfolio of a long put and holding a stock. A relation between a call and a put in terms of the price of the stock must be fulfilled to keep an arbitrage-free market.
For a European option with maturity T and strike K and ignoring the premium of the option, we can create two portfolios to obtain the desired relationship. In the first portfolio a long call and a short put is held with payoff s − K. The second portfolio holds a long stock and K bonds with maturity T that pays a unit of currency at T, achieving a payoff s − K. By arbitrage arguments, these portfolios have the same price
where b(t, T) is the bond price with maturity T, v(s, t) the option price and s t the stock price at t. A constant risk-free interest rate -required by the Black-Scholes modeldefines the price of the bond as b(t, T) = exp(−r(T − t)), which completes (2.1). Besides the obvious theoretical and practical importance of the put-call parity, it is also useful in numerical analysis to obtain boundary conditions for pricing schemes: when the boundary conditions (BCs) are known only for a put or call, the unknown BCs for the other instrument can be easily obtained with equation (2.1).
The Black-Scholes equation for option pricing is a backward-in-time parabolic PDE:
where r denotes the continuously compounded, annualized risk-free interest rate, σ is the volatility of the stock price s, K is the strike price and T is the maturity. For a call option, the boundary conditions can be expressed as
and the terminal condition is defined as
Contrary, for a put option the boundary conditions are
and the terminal condition reads v(s, T) = (K − s) + .
Asian Options
An Asian option is a path-dependent option and the payoff is determined by the average of the price of the underlying instrument. 
In (2.4) there are no diffusion terms with respect to a(t), i.e. a purely transport behavior is expected in that direction. Moreover, the put-call parity for an Asian option reads
The Wilmott Similarity Reduction
It is possible to reduce the full PDE for Asian options (2.4) to one spatial and one temporal dimension by using a similarity reduction proposed by Wilmott [14] . Let us consider the floating strike payoff of a call option
and by letting
we substitute the separation ansatz v(s, a, t) = s · y(x, t) into (2.4) to obtain
with the terminal condition
The boundary conditions for a call are easily obtained by taking the limits of (2.7), e.g. for x → 0, the equation (2.7) is
because, assuming y(x, t) is bounded, it is possible to show that the term [12] , whereas for the case x → ∞ it can be seen from the payoff (2.8) that the option is not exercised, therefore y = 0.
This PDE (2.7) for Asian options is advantageous, computationally speaking, because only one spatial and one temporal dimension occurs, in contrast to the full PDE (2.4) which requires two spatial and one temporal dimension, leading to considerably higher computational costs and higher memory requirements.
With the separation ansatz v(s, a, t) = s y(x, t), we write the put-call parity (2.5) as
where the definition of the new independent variable (2.6) was used in the last row. The boundary conditions for a put option are now readly available from the put-call parity equation. Let us note that a drawback of the reduction is that it is only possible reduce the PDE in the case of a floating strike option.
The Rogers-Shi Reduction
An alternative PDE was presented in [10] using a new variable:
with µ as probability measure with density ρ(t) such that
, for a floating strike option, where in the case for a floating strike option K is set to zero. This yields the PDE
with the following terminal condition for a fixed strike call option 10) and for a floating strike put option
Boundary conditions (BCs) are defined depending on the type of payoff. For a fixed strike call we have
and from the payoff (2.10) we obtain the boundary condition
On the other hand, for a floating strike put we obtain
and from the corresponding payoff (2.11) we obtain the other boundary condition
The price of the option is then s 0 w(K/s 0 , 0) for the case of a fixed strike option and s 0 w(0, 0) for the case of a floating strike, where s 0 is the current price of the underlying.
Finite Difference Methods
For the case of the Black-Scholes equations -or generally speaking, the convectiondiffusion equation -it is well known [2, 5, 12] 
For the case of Dirichlet BCs, we define v(s min , t) = g 1 (t), v(s max , t) = g 2 (t).
Exponentially Fitted Schemes
Standard FDMs may lead to unstable (or at least unphysical oscillatory) solutions for convection-diffusion type equations, especially in the case of large Péclet numbers. Here a technique proposed by Il'in [7] which was later applied to the pricing problem with the Black-Scholes equation by Duffy [2] is presented. This implicit exponential fitted method (EFM) for the Black-Scholes equation is
By rearranging the terms, the scheme can be rewritten as
with
Furthermore, the scheme (3.2) can be rewritten in the compact matrix form
. . .
with boundary conditions included. The unknown vector V n+1 is obtained by solving a tridiagonal system of equations with computational effort O(N) at each time step.
The simulation results for the derivative price with r = 0.05, d = 0, σ = 0.01, K = 13, T = 1, s min = 10, s max = 15, N = 50, and M = 100 is shown in Figure 3a . The numerical derivative of the option's price with respect to the stock price is shown in Figure 3b . Spurious oscillations are not visible. On the other hand, the artificial diffusion introduced by the method is evident now. Table 1 shows the error for different discretization grids. It is evident that the computational order of convergence of the EFM is in line with the theoretical order of convergence O(∆s) obtained in [7] . Table 1 : Error of the price for the EFM for different step sizes. 
Wang's Fitted Finite Volume Method
Finite Volume Methods (FVMs) are derived on the basis of the integral formulation of a conservation law mimicking underlying conservation principles of the PDE. The FVM defines a volume surrounding each discretization point, called cells, and inside these cells, an approximation to the average value of the unknown is determined. Let us consider the discretization of the general conservation law in 1D 
2) with x i± 1 /2 := x i ± 1 /2∆x, cf. [4] . Integrating (4.1) on the rectangle
and withŪ n i as the cell average value of u(x, t) in the interval I i at time t n we havē
The integral of the flux with respect to time is approximated by the numerical flux
and we can now express the fully discrete version of (4.3) as the conservative FDM
Wang presented in [13] a fitted FVM for the Black-Scholes equation with nonconstant coefficients. This section briefly reviews the essential parts of the derivation.
For transforming equation (2.2) to a problem with homogeneous Dirichlet boundary conditions, the function f (S, t) = −LV 0 is introduced in both sides of (2.2) where
and L is the differential operator in (2.2). By defining the variable u = V − V 0 , it is possible to rewrite the Black-Scholes PDE in the self-adjoint form:
with 
By approximating the integrals in (4.6) with the midpoint rule we get
with ℓ i := s i+ 1 /2 − s i− 1 /2 , the discrete unkown is denoted by
Due to the degeneracy of ρ(u(s, t)) at s = 0, the flux must be treated separately both for the degenerate and non-degenerate case, cf. [13] for details. By inserting the expression for the numerical flux (4.8) in (4.7) , we get the semi-discrete scheme
where
and 
can be written as
Redefining the coefficients (4.10) and (4.11) as
it is possible to avoid a matrix-matrix multiplication (4.13), yielding
Recall that equations (4.13), (4.14) are first-order linear stiff ODE systems for U i (t).
We reproduced the results of Wang [13] for a binary option, cash-or-nothing type, with s max = 700, K = 400, σ = 0.4, r = 0.1, d = 0.04 and N = M = 100. The result is presented in Figure 4 . As we observe, even when the initial data is discontinuous, no spurious oscillations appear in the solution.
Despite of convenient properties of this method, problems arise for high Péclet numbers during the numerical simulation. In the definitions (4.10)-(4.11) the variable s has as exponent the term
and for the case σ 2 ≪ r we have that α i = O(r/σ 2 ), i.e the Péclet number and α i are of the same order. In the example shown in Figure 4 we have α = −1.25, whereas for the case considered in Section 3.1, this value is α = 998. Here, in the convection dominated case, the term in the denominator could be out of the range of representable numbers on a computer. Next, we modify the equations for e i,i stated in [13] in order to avoid the effect of subtractive cancellation for large Péclet numbers. In the definitions (4.10)-(4.11) terms of the form
are recurrent, hence we write these terms as
for instance. Now with s i+1 := s i + ∆s and using the binomial series expansion we get for the denominator
(with an appropriately truncated series in the implementation) which is more robust for the case of a high Péclet number. For practical purposes, it is possible to use Wang's FV scheme for the case of a large interval s ∈ [s min , s max ] and a relatively large N ∼ 10 5 , for example. However, the method is just order one and therefore does not represent any advantage over the EFM. from Subsection 3.1.
The Kurganov-Tadmor Scheme
Kuganov and Tadmor [9] introduced a high resolution scheme for nonlinear conservation laws and convection-diffusion equations. The main idea here is to use more precise information of local propagation speeds at cell boundaries in order to average non-smooth parts of the computed approximation over smaller cells than in the smooth regions. By treating smooth and non-smooth regions separately the numerical diffusion introduced by the method is independent of ∆t. We only highlight important points of it and state the final fully-discrete and semi-discrete scheme. To start, we consider (4.1) or the related convection-diffusion equation
An admissible mesh of size N + 1 is defined as in (4.2) with a family of equidistant points x i and a family of midpoints
The step sizes ∆x, ∆t are defined as before. It is assumed that a piecewise, linear approximatioñ
at time level t n is already computed based on cell averages U n i -for clarity, we omit here the bar notation to denote cell averages over the interval I i -and the approximation to the derivative (U x ) n i . The upper bound of the local speed of propagation at the boundary of the cell x i+ 1 /2 for the nonlinear or linearly degenerate case is given by
where U 
x i+ 1 /2,r = x i+ 1 /2 + a n i+ 1 /2 ∆t. Due to the finite speed of propagation, the new interval differentiates between smooth and non-smooth regions providing the non-smooth parts with a narrower control volume of spatial width 2a n i+ 1 /2 ∆t.
∆t, which denotes the width of the Riemann fan originating at x i+ 1 /2 , and proceeding similar as before we obtain the cell averages at t n + ∆t we can express (4.1) as
and similarly for the point x i over the interval
It is worthwile noting that in the second term on the right hand side of (5.3) and (5.4), the flux is evaluated with the unknown function u(x, t) whereas the first term is obtained via the known piecewise solutionũ(x, t). 
, where λ = ∆t/∆x is the hyperbolic mesh ratio. Finally, the nonuniform averages are projected back to the uniform grid yielding the fully discrete, second-order scheme
The semi-discrete scheme is obtained by letting ∆t → 0 in the expressions for w , cf. [9] for more details. The scheme reads 5) with the numerical flux given by
and the values U ± i± 1 /2 (t) given by
For completeness, we also state the semi-discrete analogue of (5.2)
We can easily verify that (5.5) is a conservative method, i.e.
The numerical viscosity, or artificial diffusion, introduced by this method is of order O(∆x 3 ) whereas for other schemes like the Lax-Friedrichs method it is O(∆x 2 /∆t).
It is possible to extend the scheme (5.5) for convection-diffusion equations by including a reasonable numerical approximation for the dissipative flux denoted by Q (u(x, t), u x (x, t) ). The resulting scheme reads
It is well known that ODEs obtained by applying semi-discretization methods are always stiff. Moreover, they become arbitrarily stiff as ∆x → 0, cf. [5] .
The Black-Scholes Equation and the Kurganov-Tadmor scheme
Now, the Black-Scholes equation (3.1) is discretized according to the Kurganov-Tadmor scheme. We want to transform the Black-Scholes PDE to the general form
where S is the source term. To this end, the following expressions
can be used to get the Black-Scholes equation to the required form
Therefore, the fluxes are defined as
v(s, t).
The expression for a i+ 1 /2 (t) is simplified in this scalar case:
On the other hand, Q does not depend on v(x, t) but only on the derivative ∂v/∂s. Hence, the expression for P is also simplified, namely
where the second-order approximation for the derivative is used. At the boundaries, we used the following second-order formulae to approximate the derivatives of Q
where V 0 represents the approximation at s min and V N+1 at s max . The semi-discrete scheme for the Black-Scholes equation takes the form
The derivative (V s ) i (t) is approximated with a minmod limiter such that the semidiscrete scheme fulfills the total variation diminishing (TVD) condition [9] . The generalized minmod limiter is defined as
where 1 ≤ θ ≤ 2 and the minmod function is defined as
6 Numerical Simulations using the Kurganov-Tadmor Scheme
European Options
To test the KT scheme and its properties, a convection-dominated example with high Péclet number and known analytic solution is considered. Thus, r = 0.46, σ = 0.02, d = 0, K = 70, s min = 0, s max = 100, and T = 1. Although this setup is financially unrealistic, it is useful as a stress-test. The value of the Péclet number is
In the case of a European option with Dirichlet boundary conditions, these conditions are included in the calculation of the derivative. For example, for i = 1 we have
where g s min (t) represents the prescribed boundary condition at s min . A similar strategy is followed for the terms V ± i+ 1 /2 . For instance
The parameter θ is chosen problem-wise, e.g. θ = 1 ensures non-oscillatory behavior. We found empirically that the values θ ∈ [1.5, 2] produce better results in this test example. This behavior is also reported in [9] for the examples presented. To justify our selection for the value of θ, we present three cases with N = 100 using an ODE integrator with automatic time step selection. From Figure 5 it is observed that θ = 1 provides the worst result for both the first and the second derivative. For the first derivative, θ = 2 gives the best results but the second derivative is over estimated. The value θ = 1.5 is the best for both the first and the second derivative. We select θ = 1.5 for the minmod limiter for all the simulations and proceed with N = 500, see Figure 6 and 7. The approximation for the price is quite good and it is easily spotted that the approximation for the ∆ and Γ is improving fast thanks to the order of convergence of the method, providing a high resolution both for the price and its derivatives.
Results of the computational order of convergence for Kurganov-Tadmor scheme, measured with the Euclidean norm, are shown in Table 2 . It can be seen that the computational convergence behaves as predicted theoretically. The KT scheme delivers excellent approximations for the benchmark problem. The first derivative ∆ of the approximation of the price is now free of oscillations and it is easily observed that almost no artificial diffusion is introduced. The second derivative is shown in Figure 7b . Thanks to the resolution achieved with the KT scheme, the second derivative of the approximation is remarkably good. In other cases like the EFM, due to the artificial diffusion introduced by the method, the second derivative is already quite a deficient approximation even if the first derivative is acceptable. It can be seen that the KT scheme represents a big advantage in comparison to other schemes available for two reasons: the convergence properties and its flexibility. Discontinuities and non-smoothness on the initial data are handled satisfactorily.
We now proceed to test the Kurganov-Tadmor scheme with option pricing equations that present hyperbolic behavior even for realistic parameters.
Asian Options
Here we consider (2.4) for the numerical pricing of an Asian option. We perform a time reversal t * = T − t but, again, for convenience we simply denote t * as t:
with boundary conditions
The Kurganov-Tadmor scheme is easily extended to two spatial dimensions [9] . The scheme takes the form
with the usual definitions for H(t) and P(t).
By following the same technique as in Section 6.1, the convective fluxes for the equation (6.1) are found to be:
On the other hand, there is diffusion flux only for the spatial direction s
and finally, the source is
Boundary conditions are of Neumann type. Including expressions (6.2) and (6.3) into the discretization is not easy because the expressions H s and H a are elaborated. Nevertheless, we noticed that those expressions are analytically solvable and their exact solutions are defined uniquely by the initial condition, i.e. the payoff. The boundaries for a fixed strike Asian put option are:
For the expression (6.3) an analytic solution is obtained and for expression (6.2), a transformation is needed. By definingṽ = v exp(rt), and substituting it into the PDE, the boundary condition takes the form
which is now easily solved. An inverse transformation to get the original variable v back is straightforward obtained. An example from [12] for a fixed strike put is shown in Figure 8 with K = 100, T = 0.2, r = 0.05, σ = 0.25 and N = 50, θ = 1.5, s min = a min = 0 and s max = a max = 200. The simulation for t = 0.06 is performed with an ODE solver with automatic time step size selection. The final price and its derivative is shown in Figure 9 . 
The final price along with the initial condition is shown in Figure 10 . The derivative in this case shows some oscillation near s = 0, as shown in Figure 11 . In this case, the computational cost is much higher than in the simulation of an European option, since for Asian options, the ODE solver is handling systems of size N 2 . 
Wilmott Reduction for Asian Options
In Section 2.3 a reduction of the full PDE (2.4) for floating strike Asian options was presented. As in other sections, the PDE is expressed in forward-in-time form first and then the convective and diffusive fluxes are obtained, if any. This PDE is convectiondominated for small σ as well as for x ≈ 0.
The forward-in-time PDE takes the form
where the IC for a call is y(x, 0) = (1 − x/T) + . The BC (2.9) for x = 0 takes the form ∂y/∂t = ∂y/∂x and y = 0 for x → ∞. As in Section 6.2 the BCs are solved analytically when possible. Then the unknown BCs for put options are obtained via the put-call parity.
The fluxes for the PDE (6.4) are determined analogously and read Table 3 : Floating-strike Asian put comparison with values from [10, Table 5 ], s = 100.
The results provided by Rogers and Shi were obtained with the NAG routine D03PAF with ∆x = 0.005 and are listed in column NAG-RS. The columns LB and UB displays lower and upper bounds for the numerical solution. The column KT-Wilmott corresponds to the approximation obtained with the Kurganov-Tadmor scheme with the same step size. For fixed ∆x we observe slightly different approximations between the two schemes. The results highlighted with a star are outside the boundaries. For this example it can be observed that in general both schemes usually deliver approximation within bounds. It is also clear that the Kurganov-Tadmor scheme provides approximations that are always higher than those provided by the NAG routine D03PAF.
In Table 4 a list of results for a floating-strike Asian call is shown. The comparison is between a Crank-Nicolson implicit method (CN), a high order compact scheme (HOC), a Monte Carlo (MC) method proposed in [8] versus the Kurganov-Tadmor scheme using the Wilmott (KT-W) PDE, all of them with N = 500. It is easy to spot that the worst performer is the CN scheme providing approximations far away from the other three schemes whereas the HOC scheme results are similar to those obtained with the Kurganov-Tadmor scheme. It is interesting to note that the largest deviation between HOC and KT-W columns occurs. in the case of a small volatility, i.e. σ = 0.05. Furthermore, it can be seen that in convection-dominated environments, the columns CN, HOC and MC are similar in contrast to the approximation obtained with Kurganov-Tadmor -observe, for example, the case for σ = 0.05 and r = 0.2. It is expected that the CN method is affected by the convective behavior and, judging by the results listed in Table 4 , it might be possible that the HOC is also affected. 
Rogers-Shi Reduction for Asian Options
Here a simulation of the Rogers-Shi PDE reduction presented in Section 2.4 with the Kurganov-Tadmor scheme is performed. This PDE is convection dominated for small σ and for short maturity times T. The forward-in-time PDE reads
and the boundary conditions are changed accordingly. The fluxes are
and ρ(t) is defined depending on the type of the Asian option: fixed or floating strike. A comparison of the data in [10] and the prices obtained with the KurganovTadmor scheme is shown in Table 5 . The column RS refers to the results of a fixed strike Asian call option presented by Rogers-Shi with the NAG routine D03PAF with ∆x = 0.005, s = 100 and σ = 0.05. The column KT1 shows the results obtained with the Kurganov-Tadmor scheme with the same step-size. The column KT2 is a simulation with ∆x = 0.00125.
Looking at the column KT1 we notice that most of the time the Kurganov-Tadmor scheme yields results that are very close to or between the bounds. In contrast, the approximations on column RS are either above or below the interval defined by the bounds in all cases. Again, a star is placed to highlight a result if it is either up or down the interval defined by the bounds. It is remarkable that when comparing the approximations in column KT1 for different values of r, the Kurganov-Tadmor scheme produces better results when the convective behavior is dominant, i.e. for the case when r = 0.15 all our approximations in column KT1 are inside the bounds.
We list column KT2 with a grid four times finer than KT1 to show the convergence of the method. The simulation is achieved in approximately 1.5 minutes. In column KT2 all the approximations are inside the bounds. It is reported in [10] that as r increases, a rise in the simulation time is observed as well. Depending on the algorithm used, it could be expected that increasing r, leaving σ fixed, results in an increase on the simulation time because the convection-dominated behavior arises. This increase in simulation time is not observed with the Kurganov-Tadmor scheme. Table 6 list a comparison of price of a fixed-strike Asian call option with r = 0.09 obtained with the Kurganov-Tadmor scheme against two other approximations: the column labeled as 'Chen-Lyuu' lists prices obtained with the method proposed in [1] which is a lower bound for the price. The values listed in column 'Hsu-Lyuu' were obtained with lattice algorithm that exhibit quadratic-time convergence proposed in [6] . The column labeled as 'Exact' is obtained with a semi-analytic method proposed in [16] . As Chen and Lyuu pointed out, the reason for testing the method with such large volatilities is because many formulas and numerical schemes deteriorate its approximation as the volatility increases. At the right-hand side of each approximation we provide the difference between the price obtained and the exact value. From this error we observe that the Kurganov-Tadmor scheme gives similar approximations to those obtained by the Hsu-Lyuu lattice algorithm. We also observe that the Chen-Lyuu formula does deteriorate with as the volatility is increased whereas the performance of the the Hsu-Lyuu lattice and the Kurganov-Tadmor scheme are stable for all σ. Table 6 : Data corresponding to [1, Table 3 ].
Application to a Nonlinear Black-Scholes Equation
Finally, we consider a nonlinear Black-Scholes equation [3] proposed by Windcliff et al. [15] . This nonlinear PDE arises when hedging a contingent claim with an asset that is not perfectly correlated with the underlying asset, e.g. the contingent claim is written on an asset with price s that cannot be traded. Instead, a reference, correlated asset is used to price the option. To be self-contained, we state here the most important details from [15] . To do so, let us define ρ as the correlation between the underlying asset and the reference, λ as the risk loading parameter and q = sign( 
for a short position and
for a long position. The term r ′ is a function of the drift rate µ of the stochastic process driving the asset S and reference asset's drift rate µ ′ , namely r ′ = µ − (µ ′ − r)σρ/σ ′ , with σ ′ defined as the volatility of the reference asset. The boundary conditions are
where A and B depend on the initial data, i.e. the payoff. For discretization purposes we can write equations (7.1) and (7.2) as
The fluxes are
which is all we need to define to apply the Kurganov-Tadmor scheme.
As an example, we perform a simulation with a short straddle option with the parameters: r = 0.05, ρ = 0.9,
and the boundary conditions are
for s min . For s max at t = 0 we have from (7.4) that
therefore A = 1 and B = −K and the boundary condition at s max is
A comparison of the results presented in [15] and our results obtained with the Kurganov-Tadmor scheme is shown in Table 7 for s = 100 and t = T. In the column labeled as 'CN', the result obtained with Crank-Nicolson proposed by Windcliff is shown whereas the column 'KT' is the price obtained with Kurganov-Tadmor scheme. A small discrepancy is between the CN method and the KT scheme is evident. 
for the central difference case -cf. [15, Appendix A] for a detailed description of the method used to obtain the values in column CN. As mentioned before, it is known that this schemes present issues due to the nonsmoothness of the initial data and the convection-dominated behavior. Moreover, the numerical viscosity introduced by the central scheme is O(∆x 2p /∆t), where p is the order of convergence, which is higher than the viscosity introduces by the KurganovTadmor method.
Next, we considered a short straddle but different set of parameters: r = 0.03, ρ = 0.5, σ = 0.7, µ = 0.04, σ ′ = 0.25, µ ′ = r + (µ − r)σ ′ ρ/σ = 0.0317, λ = 0.9, r ′ = µ − (µ ′ − r)σρ/σ ′ = 0.0375, K = 100, T = 1. The corresponding list of numerical approximations is shown in Table 8 . As expected, a discrepancy between both methods also appears for the second set of parameters. Since we do not have any exact formula to compare with, we calculate the computational order of convergence (CC) by observing the error reduction when the number of grid points increase. Using the first set of parameters, the results are shown in Table 9 . Table 9 : Computational convergence of the KT scheme.
Let V 1 be the approximation at s i and T with N 1 discretization points and V 2 the approximation with N 2 for N 1 < N 2 , then the error column in Table 9 is defined as e = |V 1 − V 2 |, and the column labeled as 'CC' represents the computational order of convergence. As expected, in our numerical simulations, the Kurganov-Tadmor scheme exhibits quadratic convergence, i.e. by doubling the step-size, the error is decreased by a factor of 4.
Conclusions
In this work we compared three numerical methods to solve Black-Scholes type PDEs in the convection-dominated case. Up to the authors' knowledge it is the first time the Kurganov-Tadmor scheme is used for option pricing.
The exponentially fitted scheme is of order one and artificial diffusion is introduced as can be seen in Figures 3a and 3b . Near the strike price of the option, it is evident that the approximation is deficient due to the artificial diffusion.
Wang's fitted finite volume method of Section 4 is a robust method as it was shown with an example with discontinuous payoff: no oscillations are present. Wang's method is also of order one but the method in its original formulation cannot handle high Péclet numbers. We proposed a modification to solve this issue.
Extensive experiments and comparisons were made with the Kurganov-Tadmor scheme of Section 5. This method exhibits an advantageous convergence order of two, which is achieved even for the nonlinear Black-Scholes equation, cf. Table 9 .
It was found that the flexibility of Kurganov-Tadmor scheme is very convenient for the pricing problem when different PDEs are used: by transforming the pricing PDE to the general convection-diffusion equation (5.1). Another advantage of the Kurganov-Tadmor scheme is that the numerical viscosity introduced by the scheme is only O(∆x) 2p−1 where p is the order of convergence, whereas other central schemes introduce numerical viscosity O( ∆x ∆t ) 2p . This characteristic allows to obtain a semidiscrete expression of the method by letting ∆t → 0 and take advantage of the existing methods to solve ODEs numerically. However, one disadvantage of the semi-discrete form of the Kurganov-Tadmor scheme is that the resulting ODE system is stiff leading to a higher computational effort.
In Table 4 the same PDE with the Kurganov-Tadmor scheme was compared to other three methods with data from [8] . In this table it is evident the advantages of having a proper scheme for convection dominated PDEs. By comparing with the Crank-Nicolson column it is possible to spot the difference. The other two methods lead to similar results as those obtained with the Kurganov-Tadmor scheme.
The Rogers-Shi reduction was also compared to other numerical schemes techniques. In Table 5 the approximations with the Kurganov-Tadmor scheme are listed. We note that this method delivers better approximations -being a good approximation the one that is inside the bounds -in comparison to the scheme used in [10] . If we use a finer grid, then the power of the scheme is evident: all the approximations converge to values inside the interval between LB and UP. The Table 6 provides plenty of data to compare with. We observe that the Kurganov-Tadmor scheme does not lose accuracy when the volatility is increased, as reported in [1] .
Finally, a nonlinear Black-Scholes PDE proposed in [15] was simulated. Comparisons are shown in Table 7 for the first set of parameters. The difference between the method proposed -a Crank-Nicolson method -and the Kurganov-Tadmor is significant. The Kurganov-Tadmor scheme performs adequately at discontinuities or nonsmooth parts of the initial condition in the case of the benchmark problem.
